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The dynamics of the looping pendulum, a double pendulum wherein a lighter and a heavier mass are connected
by an inextensible string looped over a cylindrical rod, are governed by complex frictional interactions between
the string and the rod. In this study, we present a comprehensive theoretical and experimental investigation of
this system, with particular emphasis on the explicit distinction between static and kinetic friction regimes. This
distinction is crucial because it governs the onset and recurrence of halts, thereby shaping the overall dynamical
behaviour of the pendulum. Starting from first-principles Newtonian mechanics, we derive coupled ordinary
differential equations. These equations are then solved numerically using a Web-VPython environment, enabling
real-time visualization of the system’s motion and facilitating direct comparison with experimental data. Model
predictions are validated against high-speed video recordings, yielding, at best, a correlation of approximately
98.5%. Our results show that multiple halt–slip cycles naturally emerge at mass ratios M/m ≈ 2 and M/m ≈ 50,
a phenomenon not analysed in detail by previous models employing a single friction coefficient. The open-source
simulation framework developed in this work provides an accessible platform for both educational and research
applications. Our findings demonstrate the necessity of accurately modelling frictional transitions to capture the
non-linear dynamics of the looping pendulum and lay the groundwork for future studies of friction-governed
mechanical systems.

I. INTRODUCTION

The looping pendulum consists of two masses connected
by an inextensible string that can slip over a fixed circular
rod. When the lighter mass is released from an angle, the
system undergoes a coupled translational–rotational mo-
tion in which, under suitable conditions, the string alter-
nately sticks to and slips over the cylindrical rod, producing
a sequence of halt–slip cycles that redistribute energy be-
tween the masses. This interplay of discontinuous frictional
forces and geometric constraints makes the phenomenon
a complex yet experimentally accessible example of non-
linear dynamics.

Prior analytical and numerical studies reproduce many
gross features of the motion, yet they model friction with
a single coefficient and thus do not implement an explicit
static-kinetic separation. This distinction is crucial because
treating static and kinetic regimes identically causes these
models to predict at most one halt of the heavy mass for
varying mass ratios, contradicting experimental observa-
tions of multiple halts shown for the same parameters. Fur-
thermore, previous studies have shown that, for string-on-
rod systems, friction is governed by an exponential tension
gradient [1]; however, this relation has not yet been im-
plemented specifically in models of the looping pendulum.
Additionally, independent studies of pendulums with extra
degrees of motion show that even small amounts of energy
loss (dissipation) can change stability and cause very com-
plex, chaotic motion [2]. Other research has shown that to
manage this chaos, it is important to model friction accu-
rately [3]. While our work does not focus on investigating
chaotic motion, these findings highlight the importance of
modelling friction accurately, which we address.

Specifically, we introduce a model that explicitly distin-
guishes between static and kinetic friction. This separation

allows the friction coefficient to be treated differently in
each regime, improving agreement with experimental be-
haviour. The model is implemented using an open-source
Web-VPython environment, which integrates the equations
of motion, renders the two-dimensional configuration in
real-time, and plots the trajectories for analysis. In particu-
lar, it successfully predicts the first halt of the heavier mass
in critical mass-ratio cases.

II. LITERATURE REVIEW AND BACKGROUND

The dynamics of the looping pendulum have been inves-
tigated by several researchers, each offering valuable in-
sights while leaving key gaps. Dannheim et al. [4] devel-
oped a Newtonian model numerically integrating their cou-
pled equations of motion and validating predictions such
as temporary halts and upward rebounds against experi-
ments. While effective in modelling gravitational, inertial,
frictional, and drag related forces, their treatment of friction
as a single limiting force led to incomplete predictions of
single halts, later contradicted by observations of multiple
halt–slip cycles. Crucially, their work lacked an accessible,
interactive simulation.

Zhou et al. [5] combined theory with high-speed video
and accelerometer measurements to map conditions for
successful looping, offering valuable phase-space dia-
grams. However, their model handled frictional transitions
implicitly, oversimplifying the halt–slip dynamics. Wen et
al. [6] extended the parameter sweep with improved imag-
ing and identified slipping and non-slipping stages, though
their model did not explicitly separate static and kinetic
friction effects. Basto and Miguez [7] focused on pedagog-
ical optimization, deriving looping conditions analytically
and validating them via video analysis. Though their pa-
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rameter plots are useful for instruction, their model lacked
an accessible simulation and nuanced friction modelling.
D. Singh’s original IYPT work [8] used quantitative details
and numerical methods to model the system but did not
provide an adequately accessible numerical solution such
that anyone could reproduce the results easily. Interactive
simulations do exist for simple pendulums [9], yet for the
looping pendulum, no such simulation currently exists.

Within studies on broader pendulum dynamics,
D’Humières et al. [10] experimentally demonstrated chaos
in a driven pendulum circuit but left out the effect of
frictional forces, instead adding a damping term to their
equation. Shinbrot et al. [11] explored chaos in a double
pendulum, though assumptions of frictionless pivots and
massless rods limited real-world relevance. Hastings
and McLeod [12] offered a topological proof of chaos in
damped pendulums, but their abstract treatment lacked
experimental grounding as it was aimed to be an analytical
analysis. Other works have explored chaos control via
feedback in parametrically driven pendulums; however,
these approaches are highly system-specific and do not
generalise to setups such as the looping pendulum [13, 14,
15, 16, 17].

Collectively, these studies demonstrate that strong non-
linearity can arise in multi-degree-of-freedom pendulum
systems. However, the specific friction-governed stick–slip
dynamics of the looping pendulum have not yet been sys-
tematically analysed. Our work therefore focuses on this
previously under-explored aspect, explicitly differentiating
between the static and kinetic regimes to capture dynamics
that prior approaches could not.

In review, four persistent gaps remain:

1. lack of intuitive, interactive simulation tools;

2. oversimplified friction models ignoring distinct
static–kinetic regimes;

3. incomplete mass-ratio analyses, particularly for
multi-halt behaviours; and

4. limited integration of these systems into readily ac-
cessible platforms.

Our work addresses these gaps by delivering a browser-
based Web-VPython simulation with real-time visuali-
sation and control, a refined model incorporating dis-
tinct friction regimes, and a comprehensive experimen-
tal–theoretical study of critical behaviours. By uniting the-
ory, simulation, and experiment, we elevate the looping
pendulum from a niche topic to a robust educational and
research tool.

III. THEORETICAL MODEL

We started with deriving equations modelling the mo-
tion of the looping pendulum. To do this, we separated the
system into two components: the rotating and non-rotating
components. The rotating component consists of the lighter
mass (m) and the string segment that rotates around the rod
with it (l). The non-rotating component is the heavier mass
M, together with the vertical string length (Lvert).

For each component, we derived the relevant force equa-
tions, which were then consolidated and simplified. This
process yielded two differential equations that modelled
each of these components, along with a linear equation for
the total string length. Together, these equations fully cap-
ture the motion of the pendulum.

A. Coordinate System

Before deriving the equations, we needed to establish a
coordinate system that ensured that our experimental and
theoretical trials were consistent with one another. This co-
ordinate system was also important to ensure the signage in
all our equations was consistent. In both, the point at which
the string is tangent to the cylindrical rod was taken as the
centre of the coordinate system when calculating θ . Thus,
we had a moving origin, whose exact position is calculated
at every step in the simulation. The symbol θ was defined
from the −y axis in the anti-clockwise direction (Figure 1).

FIG. 1: The coordinate system that we used to define the
motion of the looping pendulum. The initial angle of
release is negative, increases till zero and is positive
thereafter. The angle is measured from the −y axis.

B. Rotating Component

In the rotating component, we further divided the phe-
nomenon into angular and radial sections.

1. Angular Section

In the angular section, there are two primary forces that
act, the gravitational force that acts vertically downwards
on the lighter mass, and the tension along the rotating
length of the string. Since the latter is directed towards
the centre of the rotational motion, it could not produce
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torque, and therefore, torque is exerted only due to the for-
mer. Thus, the total torque acting on the system is:

|τ|= Msgl · sin(θ)
2

+mgl · sin(θ). (1)

Equation (1) must be multiplied by -1 to give the correct
signs for the clockwise and anti-clockwise torques. Thus,

τ =−Msgl · sin(θ)
2

−mgl · sin(θ). (2)

Here, Ms is the mass of the string, l is the length of the
rotating section of the string, and θ is the angle that the
lighter mass makes with the vertical, as defined in Figure 1.

Since τ = dL
dt (where L is the angular momentum and is

equal to Iω),

τ =
d(Iω)

dt
.

Simplifying gives,

τ =
dI
dt

ω + I
dω

dt
. (3)

Here, the moment of inertia (I) is given by

I =
Msl2

3
+ml2. (4)

Using equation (3) for total torque, we substituted equation
(4) into it.

Giving us,

τ =
2lω

3
(Ms +3m) · dl

dt
+

l2

3
(Ms +3m) · dω

dt
(5)

We equated equations (5) and (2) and then simplified and
rearranged.

We then got the first differential equation that modelled
the angular rotating motion of the looping pendulum:

d2θ

dt2 =− 3
2l

g · sin(θ) · Ms +2m
Ms +3m

− 2
l

dθ

dt
dl
dt
. (6)

2. Radial Section

For the radial motion of the rotating section looping pen-
dulum we used Newton’s second law and defined the radi-
ally inward direction to be negative (Figure 2). From Figure
2, the resultant along the radial is:

mg · cos(θ)−Tr, (7)

thus,

mar = mg · cos(θ)−Tr. (8)

Where ar is the total radial acceleration of the lighter mass,
consisting of at , the translational (radial) acceleration to-
ward the centre due to lrot decreasing, and ac, the centripetal
acceleration required for circular motion.

Here, we reiterate the assumption of the string being
treated as inextensible. In practice, the string exhibits slight

FIG. 2: The radial motion of the lighter mass m is
analysed using Newton’s second law. Here, we resolve the
weight of the lighter mass into its orthogonal components

by defining θ on the lighter mass. On the right, we
conduct a force analysis of the heavier mass, its weight

acts vertically downwards (-Mg) and tension acts
vertically upwards

elastic stretching under tension, which accounts for the
small upward displacement of the heavier mass observed in
Figure 18. Incorporating string elasticity would require in-
troducing additional terms into the force balance and would
substantially increase the complexity of the model. Since
our objective is to capture the dominant friction-governed
dynamics of the system, we neglect these elastic effects. As
shown later, the experimental trajectories validate our sim-
plification, indicating that string extensibility contributes
only minor differences relative to the primary behaviour of
interest.

C. Non-Rotating Component

To model the non-rotating component, we conducted a
force analysis on the heavier mass (Figure 2).

After simplifying and rearranging,

d2y
dt2 =

Tv

M
−g. (9)

Here Tv assumes a positive sign as, while the heavier mass
moves downwards, the vertical tension acts vertically up-
wards.

To find the tension Tv, the dynamic friction between the
string and the rod had to be determined. Since the rod has
a circular cross-section, the forces on infinitesimal parts of
the string act along constantly changing directions. Hence,
an expression for the friction on one infinitesimal mass of
the string dm can be integrated over the entire section of the
string wrapped around the rod to obtain the total friction in
the system.

Using this approach, we first performed a differential
analysis on this infinitesimal mass using a free-body dia-
gram (Figure 3). This was followed up by a net-force anal-
ysis of all the forces acting on the differential mass (Figure
4).

As shown, along the normal to the rod surface, the nor-
mal force dN acts away from the centre of the rod. The
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FIG. 3: Differential analysis of a small section of the
string (dm).

FIG. 4: Four forces act on an infinitesimal mass element
dm: dN (along the normal), dF (along the tangent), and T

and T +dT (both at an angle dη from the tangent).
Additionally, T and T +dT have been resolved into

orthogonal components: T · sin(dη) and
(T +dT ) · sin(dη) along the normal, and T · cos(dη) and

(T +dT ) · cos(dη) along the tangent.

force of friction dF acts along the tangent opposite to the
direction of motion. Moreover, there are two additional
forces of tension acting on dm. They are denoted as T and
T + dT . The difference in magnitude dT acts as a small
increment in tension that occurs across all the infinitesimal
parts of the string wrapped around the rod. All these incre-
ments then add up to produce the difference in magnitude
that exists between the two tensional forces on either side
of the rod (Tv and Tr).

Also, since dm lies on a circular surface, the tensional
forces act along the tangents at the endpoints of dm, making
an angle dη with the tangent at the centre of dm. (Figure
4). Thus, the net force along the normal is:

dN − (2T +dT ) · sin(dη) = 0.

For small angles, sin(dη)≈ dη . Therefore,

dN = 2T ·dη +dT ·dη .

Since dT ·dη ≈ 0,

dN = 2T ·dη . (10)

The net force along the tangent is:

dm · d2y
dt2 =−dT · cos(dη)+dF.

For small angles, cos(dη)≈ 1. Hence,

dm · d2y
dt2 =−dT +dF.

Since dF = µk dN (where µk is the coefficient of kinetic
friction between the string and rod),

dm · d2y
dt2 =−dT +µk dN. (11)

Substituting equation (10) into (11),

dm · d2y
dt2 =−dT +2µkT ·dη . (12)

To integrate over all the wrapped string, dη must be ex-
pressed in terms of the angle dφ that dm subtends at the
centre (Figure 5).

FIG. 5: We express the angle dη in terms of the
infinitesimal angle it subtends at the centre of the circle

dφ . The angle dη is defined by translating the tangent at
dm to line NO.

Substituting, dη = dφ

2 into equation (12), we get

dm · d2y
dt2 =−dT +2µkT · dφ

2
. (13)

To further simplify equation (13), dm can be substituted by
λ · dl (where λ is the linear density of the string and dl is
the infinitesimal length of dm). This gives

λ ·dl · d2y
dt2 =−dT +µkT ·dφ . (14)

Since dl = rr ·dφ (where rr is the radius of the rod),

λ rr ·dφ · d2y
dt2 =−dT +µkT ·dφ , (15)

rearranging gives,

dφ

(
−λ rr ·

d2y
dt2 +µkT

)
= dT,

dT
dφ

=−λ rr ·
d2y
dt2 +µkT. (16)

Multiplying both sides of equation (16) with e−µkφ (which
we got through the integrating factor method) will allow us
to have a single tension term.

Giving us

d
(
e−µkφ ·T

)
=

(
−λ rr · e−µkφ · d2y

dt2

)
·dφ .
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Integrating both sides after rearrangement gives∫
d
(
e−µkφ ·T

)
=

∫ (
−λ rr · e−µkφ · d2y

dt2

)
·dφ ,

∫
d
(
e−µkφ ·T

)
=−λ rr ·

d2y
dt2

∫
e−µkφ ·dφ ,

e−µkφ ·T =
λ rr

µk
· d2y

dt2 · e−µkφ +C,

After simplifying,

⇒ T =
λ rr

µk
· d2y

dt2 +Ceµkφ . (17)

To find C, we set up boundary conditions: T = Tr at
φ = 0 and T = Tv at φ = σ . This yields an exponential
expression for Tv. Substituting this into Newton’s second
law for mass M using equation (17), and expressing Tr via
the radial acceleration of m using equation (8), we obtain a
single equation. After algebraic simplification, the vertical
acceleration d2y

dt2 of mass M is found:

d2y
dt2 =

µkmg · cos(θ) · eµkσ +µkmlω2 · eµkσ −µkMg
Mµk +λ rr · eµkσ −λ rr +mµk · eµkσ

.

(18)
Where σ is the angle of wrap of the string over the cylin-
drical rod.

Since σ (the angle of wrap) and θ (the angular position
of the lighter mass in respect to the vertical) both describe
angles, we can reconcile them (Figure 6):

FIG. 6: Reconciling the two angles σ and θ by illustrating
both on the same diagram. This simplified the equation

that modelled the acceleration of the heavier mass.

From Figure 6,

σ = π +θ . (19)

To get the final equation for M’s acceleration, we substi-
tuted equation (19) into (18).

D. Rotating Length of String

Since the rotating section of the string (l) can be derived
by subtracting the length of string wrapped around the rod

(= rrσ ) and the length of string moved to the other side
(= −y) from the total length of the string (defined L), we
get:

l = L+ y− rrσ . (20)

Here, −y is numerically equivalent to Lvert .
Like the operation performed with equation (18), we can

substitute σ = π + θ into equation (20) to get our final
equation for the instantaneous length of the rotating section
of the string.

E. Theory Conclusion

Thus, we have equation (6), (18), and (20) that we will
use to simulate the motion of the looping pendulum.

IV. KINETIC AND STATIC REGIMES

Differentiating between static and kinetic regimes entails
that while the heavier mass slips and sticks to the rod, we
dynamically change the coefficient of friction (either µk or
µs) in the numerical solution. However, since our simu-
lation halts at the first transition from kinetic to static, we
needed to ensure that the coefficient of friction that we cal-
culated describes purely the kinetic regime of the looping
pendulum. To achieve this, we modified the Euler belt
equation (Equation (21)) and used a simplified setup based
on a situation diagram (panel 1 of Figure 7) in which both
masses were suspended at a wrap angle (σ ) of π radians.
This scenario differs explicitly from the system used for
data collection, as it was designed solely to facilitate force
analysis and accurately determine µk. The resulting value
was then applied directly to the actual looping pendulum
system, ensuring consistency between the simulation and
experimental measurements.

A. Overview of theory used to determine µk

For a string hanging over a rod, the coefficient of friction
is governed by the Euler Belt equation [17]

T2

T1
= eσ µk . (21)

This equation describes how tension changes in a string
wrapped around a cylindrical object due to friction [1]. The
equation relates:

• T2: The tension on the side wherever tension is
greater,

• T1: The tension on the side wherever tension is
smaller,

• µk: The coefficient of kinetic friction between the
string and rod,

• σ : The wrap angle in radians.
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FIG. 7: The situation diagram we used to illustrate the
Euler belt equation in terms of empirically measurable
quantities. For both masses, the vertical tension acts

upward while the weight acts downward. For the panel on
the right, corresponding to the differential element dm,

when the angle of wrap is π

2 radians, friction and T1 act in
the same direction, whereas T2 acts vertically downward

and therefore takes a negative value.

To measure these values, we employed a dual-range
Vernier force meter [18].

As mentioned before, Figure 7 does not represent the ac-
tual looping configuration of the pendulum but has been
constructed only to relate the two tension components via
the Euler belt equation. Here, the heavier mass corresponds
to the higher tension T2. However, in regimes of low mass
asymmetry ( M

m → 1), during the actual motion of the pendu-
lum the tangential velocity of the lighter mass can become
sufficiently large that the effective direction of the frictional
force reverses, and the sign of the tension ratio in the Eu-
ler relation changes accordingly. In such cases, the tension
following m (Tr) would assume the T2 value.

In our study, we measured T2 by suspending the heav-
ier mass directly from the force meter using the situation
described in the first panel of Figure 7 (where the angle of
wrap is π radians), and T1 by the force analysis done on the
second panel of Figure 7. The mass m was held at a release
angle of π

2 radians, and moved either closer to or further
from the heavier mass hanging vertically looped over the
cylindrical rod. The purpose of this motion was to create
a controlled sliding of the string over the rod, allowing us
to measure the force required to sustain motion at constant
speed. When the mass was moved closer to the stand, the
string slid in one direction; when moved away, it slid in the
opposite direction.

B. Finding T2 from the force meter

When the system is at rest the heavy mass has a zero net
force, so the tension satisfies

T2 = Mg.

Suspending the mass from a Vernier dual-range force meter
and recording the average of the readings (Figure 8) yielded
a mean reference value for T2.

FIG. 8: The force meter readings that were recorded for
T2. We calculated the mean based on a recording sample

of 5 seconds.

C. T1 and fk from the force meter

As described in the overview, to measure T1 we con-
structed an apparatus in which the heavier mass was looped
over the cylindrical rod while the lighter mass, held at a
wrap angle of π

2 radians, was moved closer to or further
away. This caused the heavier mass to move either verti-
cally upwards or downwards, providing us with controlled
sliding.

One section of the radial portion of the string was at-
tached to a rubber band to minimise oscillations and ensure
smooth motion, while the other end was connected to the
heavier mass. The force meter, attached to the lighter mass,
recorded the force required as the mass was moved closer
to or further from the stand.

• Upward motion (Figure 9): Initially as we moved
the stand further from the mass, static friction re-
sisted motion, causing force to rise and peak. Once
this static friction was overcome, there was a steep
drop to a lower, stable value representing kinetic fric-
tion.

• Downward motion (Figure 10): We observed an ini-
tial plateau (static regime) followed by a transition to
kinetic friction as the string began sliding over the
rod.

These force meter readings represent kinetic friction as, at
constant velocity, the net acceleration is zero and thus the
applied force equals the frictional force. Because the mea-
surements were taken while the heavier mass was in mo-
tion, and kinetic friction is generally lower than static fric-
tion, we can therefore conclude that the recorded values
correspond to kinetic friction.

We averaged the kinetic friction values from both upward
and downward motions to account for any directional ef-
fects to get the value of fk. We then used the net-force
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FIG. 9: As we moved the mass upwards, there was initially
a static regime as evidenced by the force rising and

peaking. After this is overcome, there is a steep drop in the
frictional force as shown by the green highlighted area.

This is the kinetic friction of the string sliding over the rod.

FIG. 10: As we moved the mass downwards, there was
similarly an initial static regime as seen by the plateau,

after this is overcome and the string connecting the mass
slides over the rod we have the kinetic friction which we

recorded.

derived from panel 2 of Figure 7 to find the value for T1
using our recorded value of T2.

We ensured that we always placed the greater tension
in the numerator of the Euler Belt equation. This ensured
a positive argument for the logarithm and yielded a sign-
independent value for µk. For our setup, we recorded a µk
of ≈ 0.246.

A picture of our apparatus is available in the supplemen-
tary media files.

V. NUMERICAL SOLUTION IN WEB-VPYTHON

A. Overview

Now that we had a value for µk and had derived differ-
ential equations in respect to d2θ

dt2 , d2y
dt2 , and l, we employed

a numerical integrator in Web-VPython to solve the equa-
tions in real time. The simulation integrates the coupled
equations of motion for the two masses by stepping forward
in time with a fixed increment of ∆t = 5×10−4 s.

An important feature of our implementation is the built-
in 3D visualization: our solver renders the two masses and
the three string segments in a two-dimensional scene, up-
dating positions in real time, as shown in Figure 11. The
lighter mass visibly sweeps around the rod while the heav-
ier mass moves vertically, and the string physically wraps
around the rod. This solver thus has the potential to trans-
form the otherwise complex phenomenon into an intuitive,
interactive demonstration of energy transfer and constraint
forces, making it equally valuable for detailed analysis and
as a teaching tool.

Additionally, in our simulation, parameters such as the
mass ratio M/m, the initial release angle (θ0), and the fric-
tion coefficient µk are parametrised, enabling rapid explo-
ration of different dynamical regimes without modifying
the underlying algorithm.

(a) The initial position of
our solver. Here, the

lighter mass is held at
θ0 =

−π

2 radians.

(b) An intermediary
frame. As seen, the path

of the lighter mass is
traced out.

(c) The final frame of the
solver. The simulation

stops when the velocity of
the heavier mass exceeds

0.

FIG. 11: Our simulation’s time evolution showing (a) the
initial position, (b) the intermediate trajectory tracing, and

(c) the final state.

B. Implementing the regime transition in the simulation

In the simulation, static friction was not explicitly as-
signed a coefficient as our solver stops at the first transition
between kinetic and static regimes; instead, the transition
from motion to halt was modelled by monitoring the verti-
cal velocity of the hanging mass. When the velocity of the
heavier mass became positive ( dy

dt > 0), the code sets both
the velocity and acceleration of the non-rotating segment
to zero. This marks a halt (denoted as Hi, (where i ≥ 1)
in Figure 18). Using velocity as the criterion allowed for a
straightforward and numerically easier way to detect when
motion ceased, without needing to explicitly calculate static
friction forces, which was much more computationally in-
tensive and required a very small value for ∆t. The sim-
ulation therefore stops at the first halt because, without an
explicit static friction phase, the solver cannot determine
when motion would resume—the forces at rest are not eval-
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uated further. This approach focuses on capturing the es-
sential dynamics of kinetic slipping, while naturally high-
lighting the occurrence of halts, without the need for an
explicit static friction model. Extending the simulation to
include repeated halt–slip sequences would require alter-
nating between static and kinetic friction and continuously
checking for motion onset, increasing algorithmic com-
plexity. Nevertheless, the current approach provides clear
insight into the essential physics as it records a halt, and
illustrates the transition between static and kinetic regimes
that leads to halt onset.

After implementing the regime transition, we then col-
lected experimental trials to see whether our simulation’s
stick-slip capabilities agreed with experimental trials.

VI. MODEL VERIFICATION

Along with investigating stick–slip behaviour, we also
established a baseline data set to verify the accuracy of our
model before conducting the mass-ratio analysis. Exper-
imental trials were filmed at 720p, 240 frames s−1, with
the optical axis normal to the pendulum plane and the co-
ordinate system centred at the point of tangent of the string
with the cylindrical rod. Using Tracker [tracker2025], we
extracted our desired values.

Simultaneously, the Web-VPython integrator recorded
the full simulated state vector at a time step of ∆t = 5×
10−4 s containing,

[
θ , θ̇ ,Lrot, L̇rot,Lvert, L̇vert,xM,xm,ym,yM

]
.

Here, Lrot (also defined as l ) and Lvert are the instan-
taneous lengths of the rotating (following m) and vertical
(following M) sections, respectively, while xM,xm,ym, and
yM are the Cartesian coordinates of the two masses. The
symbol θ̇ is the instantaneous angular velocity of the lighter
mass, and θ , as defined earlier, is the angular position with
respect to the −y axis.

This paired experimental–simulation dataset allowed di-
rect comparison of pendulum motion under identical pa-
rameters, providing a clear visualisation of correlations be-
tween empirical and simulated results.

A. Preliminary Graphs

Below shown are some of the graphs we constructed to
compare our theoretical and simulation produced datasets.
All data, unless otherwise mentioned, were collected at a
rod radius of 0.00243 m, a mass ratio of 37.7, and an initial
angle of π

2 radians.

B. Verification

Figure 12 plots the horizontal trajectory xm(t) of the light
mass; our simulated and experimental curves are very sim-
ilar, with the difference between the trials within the error
associated with the optical resolution of the camera in use.
Figure 13 compares the vertical coordinate ym(t) at every
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Time (s)

x.
m

(m
)
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FIG. 12: X coordinate of the lighter mass with respect to
time.
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FIG. 13: Y coordinate of the lighter mass with respect to
time.
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FIG. 14: The trajectory of the lighter mass, where y.m is
plotted against x.m.

time step, a very strong resemblance demonstrates our sim-
ulation’s accuracy in modelling energy transitions between
translation and rotation motion. Figure 14 plots both x and
y coordinates into a planar path (xm,ym) which provides
strong pointwise agreement. Figure 15 shows how closely
the simulated and experimental values of σ align across
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FIG. 15: The graph displaying how the angle of wrap at
the vertical (θ = 0) varies with the initial angle of release.

various initial angle of releases. This is particularly note-
worthy as the angle of wrap is influenced by unequal ten-
sion along the string and local bending near the rod, while
the release angle depends sensitively on initial alignment
and static friction at the point of contact. The strong match
therefore highlights the robustness of our frictional model.

VII. STICK-SLIP TESTING

A. Mass Ratio Testing

After establishing the baseline data-set which verified
our models accuracy, we then checked whether, across a
variety of mass ratios, our solver would be able to model
the system transition from kinetic to static accurately.

We did this by first measuring the vertical distance trav-
elled by the heavier mass during the kinetic regime up to
the first halt (Figure 16). Our model showed strong re-
semblance across the entire spectrum of mass ratios that
we chose to investigate. Additionally, we were also able
to empirically determine the critical mass ratio, defined as
the threshold range within which the lighter mass fails to
complete a complete revolution around the rod, to be be-
tween M/m ≈ 2 to M/m ≈ 50. To investigate this fur-
ther, we conducted more trials across this range and found
three distinct motion types. For subcritical mass ratios
(M/m < 2), the system showed conventional simple har-
monic motion, where there were periodic oscillations of
the lighter mass without looping. Within the critical inter-
val (2 ≤ M/m ≤ 50), a stable looping was shown. Above
the upper critical threshold (M/m > 50), the system transi-
tioned to a free-fall for the heavier mass: the lighter mass
became dynamically negligible, while the heavier mass ex-
perienced smooth falling without much interruption.

We also needed to verify whether our model was able to
explicitly predict the transition between kinetic and static
regimes. We conducted a trial at M/m = 2.0 because in
prior literature, a mass ratio of M/m = 2.0 had been theo-
rized to result in the heavier mass halting once before slip-
ping to a final stop (Figure 17) [4]. Yet, when we replicated
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FIG. 16: The Mass Ratio versus Vertical Distance
travelled by heavier mass at the first halt.

the same experiment, we observed a different behaviour:
the heavier mass stopped five times before stopping, rather
than once. This difference likely arises because their the-
oretical model did not explicitly separate limiting and ki-
netic friction, instead treating the transition as continuous.
This assumption leads to an overestimation of energy loss
and consequently predicts that the pendulum halts abruptly
after a single stop. In reality, once slipping begins, the fric-
tional force transitions to the kinetic regime (µk), which
dissipates less energy per cycle. As a result, the mass re-
tains sufficient kinetic energy to repeatedly overcome static
friction, giving rise to the multiple stick–slip halts observed
in our experiments.

Consequently, while their model can represent the post-
static regime, it cannot resolve the discrete stick–slip inter-
vals observed experimentally. In contrast, our formulation
halts precisely at the first static transition, and thus isolates
the kinetic regime with high accuracy.

FIG. 17: Trajectory published by C. Dannheim et. al. with
their findings. They predict that the heavier mass stops

once for a mass ratio of 2.

Because our simulation stops in the first transition be-
tween kinetic and static regimes, the graph for simulation
stops after the first halt.
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FIG. 18: When the mass ratio is 2, the heavier mass is
seen stopping four times before finally halting. Every halt
(Hi) and fall is the static and kinetic regime, respectively.

B. Calculation of Predictive Accuracy

The predictive accuracy of ≈ 98.5% which we claim
refers to the agreement between the vertical distance trav-
elled by the heavier mass at the first halt for a varying mass
ratio m1

m2
. Rather than using trajectory overlap or time-series

error norms, our evaluation is based on the relative error be-
tween these two scalar quantities.

VIII. CONCLUSION

This study presents a comprehensive analysis of the
looping pendulum, emphasizing the critical role of fric-
tional transitions in governing its dynamics. By explicitly
distinguishing between static and kinetic friction in both
theoretical modelling and numerical simulation, we achieve
a high degree of agreement with experimental observations,
including the accurate prediction of halts for critical mass
ratios.

The use of an open-source Web-VPython simulation
framework enables real-time visualization and interactive
exploration of system parameters, enhancing both the re-
producibility and pedagogical value of the work. Our find-
ings demonstrate that the separation of friction regimes is
essential for capturing the full range of behaviours observed
in the looping pendulum, and that the system’s sensitivity to
friction coefficients and mass ratios provides a rich context
for further study.

Future work could explore the effects of additional pa-
rameters, such as rod elasticity to further refine the model,
something we avoided to simplify the system for a general
audience. Additionally, the simulation framework can be
extended to model every single kinetic/static transition.

Overall, this research contributes to a deeper understand-
ing of the looping pendulum and provides a foundation for

further exploration of its applications in physics and engi-
neering.

IX. SUPPLEMENTARY FILES

A complete step-by-step derivation of the coupled non-
linear equations is provided in the Supplementary files. It
is included there to keep the main text focused on dynami-
cal exploration and understanding the system. Furthermore,
the entire code that was used to run the simulation can also
be found in the supplementary files. We have also added
the videos showing the distinct regimes of motion and the
picture of our apparatus to record µk.

REFERENCES

1. Imado K and Otsu T. Study of Euler’s Belt Formula. Tribology On-
line 2017 Aug; 12:187–92. DOI: 10.2474/trol.12.187. Avail-
able from: https://www.jstage.jst.go.jp/article/trol/
12/4/12_187/_article/-char/en
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